Abstract. We present various characterizations of n-circled domains of holomorphy G ⊂ C n with respect to some subspaces of H ∞ (G).
Introduction. We say that a domain G ⊂ C n is n-circled if (e iθ 1 z 1 , . . . . . . , e iθ n z n ) ∈ G for arbitrary (z 1 , . . . , z n ) ∈ G and (θ 1 , . . . , θ n ) ∈ R n . Put log G := {(x 1 , . . . , x n ) ∈ R n : (e x 1 , . . . , e x n ) ∈ G}. If X ⊂ R n is a convex domain, then E(X) denotes the largest vector subspace F ⊂ R n such that X + F = X. A vector subspace F ⊂ R n is said to be of rational type if F is spanned by
and For α = (α 1 , . . . , α n ) ∈ R n put Ω(α) := {(z 1 , . . . , z n ) ∈ C n : ∀ j∈{1,...,n} : α j < 0 ⇒ z j = 0}.
A domain G ⊂ C n is said to be an F(G)-domain of holomorphy (F(G) ⊂ O(G)) if for any pair of domains G 0 , G ⊂ C n with ∅ = G 0 ⊂ G ∩ G, G ⊂ G, there exists a function f ∈ F(G) such that f | G 0 is not the restriction of a function f ∈ O( G).
The following results are known.
Proposition 1 ( ). Let G ⊂ C n be an n-circled domain of holomorphy. Then the following conditions are equivalent:
(i) G is fat (i.e. G = int G) and the space E(log G) is of rational type; (ii) there exist A ⊂ Z n and a function c : A → R >0 such that
Proposition 2 ([Jar-Pfl 1]). Let G C n be a fat n-circled domain of holomorphy. Then the following conditions are equivalent:
The aim of this paper is to generalize Propositions 1, 2, 3. The starting point of these investigations was our attempt to understand the general situation behind Proposition 3.
and
R e m a r k 5. Let G ⊂ C n be an n-circled domain of holomorphy. Then
For j = 1, . . . , n let
where E denotes the unit disc. Define
Proposition 6. Let G ⊂ C n be an n-circled domain of holomorphy. Then the following conditions are equivalent:
Moreover , if G is an H ∞ (G)-domain of holomorphy, then each of the above conditions is equivalent to the following one:
R e m a r k 7. (a) The Hartogs triangle does not satisfy ( * ) and therefore Proposition 3 follows from Propositions 4 and 6.
(b) It is clear that if G is complete, then ( * ) is automatically satisfied.
(c) One can prove (cf. [Fu] ) that ( * ) is satisfied whenever ∂G is C 1 .
Moreover, equality holds for one k (and then for all k) iff G has finite volume.
(
Proposition 9. Let G ⊂ C n be an n-circled domain of holomorphy. Then the following conditions are equivalent:
R e m a r k 10. Condition (iii) is equivalent (cf. Remark 8(c)) to the following one:
In particular, if G is bounded we get another proof of Proposition 4.
Proposition 11. Let G ⊂ C n be an n-circled domain of holomorphy. Then the following conditions are equivalent:
(i) G is fat and there exist 0 ≤ m ≤ n and a permutation of coordinates
Let e 1 , . . . , e n denote the canonical basis of R n .
Proposition 12. Let G ⊂ C n be an n-circled domain. Then the following conditions are equivalent:
Example 13. Let G ⊂ C 2 be a 2-circled H ∞,Σ 1 (G)-domain of holomorphy. Assume that E(log G) = {0} and that G is not a Cartesian product of two plane domains. Then, by Proposition 12,
up to a permutation and rescaling of coordinates. Note that G is not an H ∞,1 (G)-domain of holomorphy (Proposition 11). This example shows that there are domains G and Fréchet spaces F 1 (G) and F 2 (G) of holomorphic functions on G such that G is an F j (G)-domain of holomorphy, j = 1, 2, but not an
R e m a r k 14. Let F(G) be one of the spaces
h (G). Then F(G) has a natural structure of a Fréchet space. Consequently, G is an F(G)-domain of holomorphy iff there exists a function f ∈ F(G) such that G is the domain of existence of f .
In [Sic 1, 2] J. Siciak characterized those balanced domains of holomorphy
. A general discussion for balanced domains of holomorphy (like the above for n-circled domains) is still lacking.
On n-circled H ∞ -domains of holomorphy 257
Proof of Proposition 4
Then for any ε > 0 there exists a neighborhood U of the set (∂D 0 ) \ D ε such that
where d D denotes the distance to ∂D with respect to the maximum norm, i.e. d D (z) = sup{r > 0 : P (z, r) ⊂ D}, z ∈ D (where P (z, r) is the polydisc with center at z and radius r), 2 := (2, . . . , 2) ∈ N n .
P r o o f. We may assume that α 1 , . . . , α s > 0, α s+1 , . . . , α n < 0 for some 0 < s < n. Fix ε > 0 and a = (a 1 , . . . , a n ) ∈ (∂D 0 ) \ D ε . Note that a 1 · . . . · a s = a s+1 · . . . · a n = 0.
We have to prove that there exists a neighborhood U of a such that
2−e j | < 1, j = 1, . . . , n, and
(1 + |z 2−e j |)
(1 − |z 2−e j |)
and therefore
R e m a r k 16. The proof shows that, under the assumptions of the lemma, the following slightly stronger assertion holds:
For any ε > 0, η > 1, there exists a neighborhood U of the set (∂D 0 )\D ε such that
We pass to the proof of Proposition 4. Fix a k ∈ Z + . Since G is a fat n-circled domain of holomorphy, there exist a family A ⊂ R n and a function c : A → R >0 such that
Consequently, it suffices to consider the case
for some α ∈ R n and c > 0. Furthermore, we may also assume that α ∈ (R \ {0}) n (otherwise we can pass to C n−1 ) and that c = 1. Thus we may assume that G = D 0 , where D 0 is as in (2).
Suppose that G is not an A k (G)-domain of holomorphy and let G 0 , G be domains such that ∅ = G 0 ⊂ G ∩ G, G ⊂ G, and for each f ∈ A k (G) there exists f ∈ O( G) with f = f on G 0 . Since G is fat, we may assume that G ∩ V 0 = ∅ and that G ⊂ G. Let ε > 0 be such that G ⊂ D ε (D ε is given by (2)) and let U be as in Lemma 15.
It is known (cf. [Pfl] ) that there exist N > 0 and a function g ∈ O(D ε ) such that D ε is the domain of existence of g and δ N D ε |g| ≤ 1, where
dist D ε denoting the distance to ∂D ε with respect to the Euclidean norm.
(In fact, we know (cf. ) that such a function exists for arbitrary N > 0.) Let µ ∈ N be such that µ ≥ 2N + 3k + 1. We will show that
Then the function z −µ1 f ∈ O( G) extends g and this will be a contradiction.
It suffices to prove that
Fix an a ∈ (∂G) \ D ε . It may be easily proved (cf. [Fer] ) that
where c 0 depends only on n, N , and k. Then, by virtue of (3), for z ∈ G∩U , z near a, we get
where c 1 , c 2 are independent of z. The proof of Proposition 4 is complete.
Proof of Proposition 6
Lemma 17. Let D C n be n-circled and Σ ⊂ (Z + ) n be such that there
where A ⊂ Z n is such that a ν = 0 for ν ∈ A. Note that
By the Cauchy inequalities, we get
Thus D ⊂ D, where D is the domain defined by the right side of (5). It is clear that for each σ ∈ Σ the series (6) 
Observe that if g ∈ O(D) is such that each derivative ∂g/∂z j extends to a function g j ∈ O(P (a, r)), j = 1, . . . , n, then the function g itself extends to P (a, r). Indeed, the extension may be given by the formula
The above property and the fact that Σ k 0 ⊂ Σ easily imply that the function f extends to P (a, r); a contradiction. Now, suppose that Σ = (Z + ) n and that ∂D ∩ V j 0 = ∅ for some j 0 ∈ {1, . . . , n}. By virtue of (5), to prove that D (j 0 ) = D it suffices to show that ν j 0 ≥ 0 for any ν ∈ A. Fix a ν ∈ A and let σ = (σ 1 , . . . , σ n ), σ j := max{0, ν j }, j = 1, . . . , n. Observe that with f = f on G 0 . We know that G may be represented in the form (4) with A ⊂ R n (resp. A ⊂ Z n ). Let α ∈ A, c > 0, ε > 0 be such that G ⊂ {z ∈ Ω(α) : |z 1 | α 1 · . . . · |z n | α n < c} ⊂ D ε := {z ∈ Ω(α) : |z 1 | α 1 · . . . · |z n | α n < (1 + ε)c}, G ⊂ D ε .
Observe that D ε is a domain of holomorphy (resp. D ε is an H ∞ (D ε )-domain of holomorphy). If we prove that G ⊂ D ε , then we get a contradiction.
Obviously, G \ V 0 ⊂ D ε . Suppose that (∂G) ∩ V j 0 = ∅ for some j 0 ∈ {1, . . . , n}. Since G satisfies ( * ), we get
Consequently, α j 0 ≥ 0. Thus (∂G) ∩ V 0 ⊂ D ε . The proof of Proposition 6 is complete.
